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PROPAGATION OF LZ-SMOOTHNESS FOR SOLUTIONS
OF THE EULER EQUATION

GUSTAVO PONCE

ABSTRACT. The motion of an ideal incompressible fluid is described by a system
of partial differential equations known as the Euler equation. Considering the
initial value problem for this equation, we prove that in a classical solution the
LZ -regularity of the data propagates along the fluid lines. Our method consists of
combining properties of the &-approximate solution with L9-energy estimates
and simple results of classical singular integral operators. In particular, for the
two-dimensional case we present an elementary proof.

1. INTRODUCTION

In [1] Alinhac and Métivier have studied the propagation of analyticity for
solutions of the initial value problem for the Euler equation. More precisely,
they have shown that the local analyticity of the initial data propagates along
the fluid line as long as the existence of a classical solution in Lf is guaranteed
(for related results see [2-5, 8]).

On the other hand, Kato and Ponce [10-12] have proved that the Euler equa-
tion is well posed (globally when n = 2 and locally for » > 3) in any vector-
valued Lebesgue (or Sobolev) spaces L? = (1 —A)™*/>L”(R") with 5 > n/p + 1
and p € (1,00). (The notation Lf (+) will be used throughout for vector-valued
or scalar functions.)

Related to the above results, in the present paper we are concerned with
the propagation of nonsmooth regularities for solutions of the Euler equation.
Roughly, we study the problem with data u, € L?(R") such that in an open set
ACR" u, is more regular, i.e., 4|, € L}(A) with k—n/g>s—n/p>1.

Thus we consider the initial value problem (IVP) for the incompressible Euler
equation,

Qu+u-Viu=-0p+f, xeR", n>2,t>0,
(1.1) divu=0,
u(x,0) = uy(x),
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where 0, = 0/0t, V =grad = (3/0x,,...,0/0x,), u=u(x,t) = (u,(x,1),
...,u,(x,t)) is the vorticity field, p = p(x,t) is the pressure, (u-V)u has
J-component u, - 0, u j (with summation convention), and f = f(x,t) =
(fi(x,8), ..., f,(x,1)) is a given external force.

For simplicity of the exposition we assume f = 0. However, we remark that
under an appropriate hypothesis on f the general case can be handled similarly.

In this equation the pressure p is determined (up to a function of ¢) by u;
indeed dp = —(1 — P)((u- V)u), where P is the projection operator onto the
subspace of solenoidal vectors. Therefore the equation in (1.1) may be written
as

(1.2.2) du+ P((u-V)u)=0
or
(1.2.b) By + (u-V)u, = 9,07 (9;u, - 0u))

since P is formally given by the formula (1 —61.-61.A_'). Thus P introduces a
pseudodifferential operator in the equation. In fact, P is a matrix of a singular
integral operator of the Calderén-Zygmund type except for some delta function
in the diagonal.

It was proved in [10-12] that for data u, € PLf(R") , with s > n/p+1
and p € (1,00), the IVP (1.1) has a unique classical solution u(-) such that
ue C([0,T]: PL?(R")). Thus the solution ¢ (x,) (fluid lines) of the problem

{ dx(t)/dt =u(x(t),t), te[0,T],
x(0) = x, € R"

is well defined. Moreover, ¢, : R" — R" is a family of diffeomorphisms which
preserve volumes.

Next we introduce the following notation. For 4 C R” open set and any
J > 0 we define

A; = {x € A/distance (x,04) >4},
A5(uy) = {¢,(x)/x € A;} witht€[0,T], and
Dy(uy) = {(¢,(x),1)/x € A5, t€[0,T1}.

For u, € PLf (R") with s > n/2+1 and uy| , analytic, Alinhac and Métivier
[1] showed that the solution u(-) is analytic in D(u,). In their proof sharp
estimates for the L2(A;(u0))-norm of all derivatives of the solution were de-
duced. The existence of these derivatives (the C*-result in D,(u,)) follows
from the estimate of Bony in [7].

As mentioned above, here we study the propagation of nonsmooth regular-
ity for solutions of the IVP (1.1) from the evolution equation viewpoint. We
will assume that our domain A satisfies the minimal smoothness conditions
such that the Calderdn extension theorem can be applied (see [13, Chapter VI,
Theorem 4]). Our main result is given by the following theorem.

(1.3)
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Theorem 1. Under the above hypothesis on A, let uy€ PL(R"), s>n/p+1,
l<p<oo. Ifu, € L}(A4) with k € Z%, k>s,and q > p then the solution
u of the IVP (1.1) defined in R" x [0, T] satisfies

Ul pyuey € CU0, T Li(A' (1)) ,
ie, forany 6 >0 and any t€[0,T]

—u(t) € L (A;(uy)),
B 11:1—1.% ||6“u(¢,+h(.) L+ h) - aa“(d’:(') ’ t)”L"(Aa) =0,

for |a| < k.

Remarks. The L>-bounded version of Theorem 1 can be proved by combining
the results of Bony [7] with Hormander’s theorem on propagation of singulari-
ties [9]. However, the techniques used here also provide global results (as those
in [10-12]) and L’-estimates (even in a class of unbounded domains)-and in
our opinion are simpler.

For the two-dimensional case (n = 2) a simple proof of Theorem 1 will be
given in §4. In this case T can be taken arbitrarily large.

The conclusion of Theorem 1 can be written in the following equivalent form:
for any é > 0 and any ¢ € [0, 7] there exists & = h(¢,d) > 0 such that u
restricted to [1—h™ ,t+h"]x A5(uy) belongsto C([t—h~ ,t+h"1: Li(A5(uy)))
where A~ = min{¢;h}, and h* = min{T —¢;h}.

As in [1], the main difficulties are due to the nonlocal character of the operator
P introduced by the pressure p. However, the kernel associated with P is
of class C* of the diagonal. Thus one may expect to control the influence
of P outside D, when estimated in D, with a lower norm (with problems
on the boundary). Our method of proof combines the results in [11-12] (the
continuous dependence of the solution with respect to the initial data, the rate
of convergence of the e-approximation defined below, etc.) With those in [1]
(especially Lemma 3.3) and a bootstrap argument which allows us to consider
only linear estimates.

The plan of this paper is as follows. In §2 we prepare the results used in the
proof of Theorem 1. This will be provided in §3. In §4 we give a different and
direct proof of this result for the two-dimensional case. In the appendix we
prove some of the results used in the proofs.

2. PRELIMINARY RESULTS

Fixing j€ Z* ,let p= pj be a C™ function such that

(a) the support of p is contained in the unit ball of R",

(b) [p(x)dx=1,

(c) fx%-p(x)dx =0 for any multi-indices o with 0 < |a| < j (the existence
of the function p(-) will be proved in the appendix).
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Define p,(x) = ¢ "p(x/e) for any ¢ > 0, and the smoothing operators
(S,),s0 8 S.g=p,xg=g, forany ge L' R".

loc

Proposition 2.1. If g € L;(R") with [ >0 and 1 <r < oo, then for any ¢ > 0,
g €L (R") and

_[’
(2.1) gy, <€ -ligl,, foranyl >0,

4 . .
(2.2.) lg—gl,_p,<c-e -llgll,, foranyl €[0, min(j,1)].

Moreover, for a fixed g the limit when ¢ tends to zero satisfies

(2.2.b) lg = &Ny, =o(e") forany ' €0, min(j,D)].
Proof. See [6, 11].

We remark that in (2.2.a) and (2.2.b) it is necessary to consider the minimum
between j and / since the moments of the function p vanish only up to order
J.

The following theorem is a summary of some results proved in [10-12].

Theorem 2.2. Given uy € PL;(R") with | > n/r+1 and 1 <r < oo there exists
T > 0 such that for any ¢ > 0 the IVP (1.1) with initial data uf) = p,*u, has
a unique solution u* € C([0,T]: PL;(R")). Moreover,

(2.3) (#%),50 € C((0,T]: PL (R")),

2.4 Sup || (¢ <c-llufll, . <c-llu ,

(2.4) Sup (D), < €~ Nl < - ol

(2.5) lim Sup [|(u* — w)(2)ll, , = 0,
8—'0[0,T] ’

where u(t) is the solution of (1.1) with data u,, and
(2.6) Sup I = u® YOl , < e llug = ugl,—, , = 0(e)

if j>1 (see Proposition 2.1) when ¢ >¢ >0 tends to zero.

From Theorem 2.2 and the hypothesis of Theorem 1 it follows that for any
¢ > 0 the solution ¢(x,) of the problem

dx(t)/dt = u*(x(1),1), te[0,T],
{ x(0) = x,

is a well-defined family of diffeomorphisms ¢; : R" — R".
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Proposition 2.3. Given any 6 > 0 there exists &, = &,(6,A) such that for ¢ €
(0,&))
(2.7) D,5(uq) € Dj(ug) C Dy () -
Moreover, for any x,y € R"
(2.8) dist(x, y) ~ dist(¢;(x), ¢;(»))
uniformly for e € [0,1] and t€[0,T].

Next we consider singular integral operators of the form

(2.9) (Tf)(x)=1lim 20) < f(x—y)dy =p.v.(K * f)(x)

e=0 /e I

where
(a) Q is a homogeneous function of degree zero;
(b) Q has mean value zero on the sphere, i.e.,

Q(xYda(x') =0;
Sn—l

(c) Q is of class C™ off the origin.
Similar to the results in [1, Lemmas 3.3 and 3.4], we have

Lemma 24. If f € Lj(A)NL'(R") then for any § > 0 and any a with 0 <
lo| </

(2.10) 10°T f1], 4, < ¢ {Ila"f [

where ¢ does not depend on f or ¢.

Proof. Let 6 be a function in C®(R') such that 6(z) = 1 if |f| < } and
6(t) =0 if |t| > §. For x € R" we define 6,(x) = 6(|x|/5). Thus

Tf=Kxf=0;-K)xf+((1-0)K)x [ =K x [+ K, x [ =T, [+ T,f
and

1

-1, }

O°Tf =K, +3°f+(3°K,) * .
It is easy to verify that
18°K, ||, < /6" for any |a| > 0.
Therefore ¢
1T/, 4, < o I, -

On the other hand, the kernel K, = 6, - K satisfies the classical hypothesis
for LP-continuity (see [13, Chapter 2, Theorem 2]), with norm independent of
J, and support of K, C {x € R"/|x| <é/2}. Hence

1T, @, 4y S €-10° 11, 4,5

which completes the proof.
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3. PROOF OF THEOREM 1

In this section we prove our main result, Theorem 1. As in [11-12] we
use the e-approximate solutions u°, i.e., solutions of the IVP (1.1) with data
uf) = p, * u,. However, we remark that the smoothing operators S,- = p, * -
defined here use a different function p(-) = p’(-) (see the beginning of §2). In
the proof of Theorem 1 we fix j > 1.

Notation. In this section we will use the following notation. For m € Z*,
re(l,o], t€[0,T],and 6,6 >0

1/r
1Ol 5.0 = 17Oy gy = S ( / ( )Ia;’f(x,t)l'dX> :
5(45

la]<m
Also, all constants which do not depend on ¢ € [0,¢)) or y (g, = &y(%,,4))
will be simply denoted by c.
By simplicity of the exposition we shall consider the most interesting case:
s€(n/p+1,2). It will be clear from our proof below how to treat the general
case.

Proposition 3.1. Under the above hypothesis, for any ¢ > 0
(3.1) U |y € C([0,T): LY (4'(uf)).

Moreover, forany me Z*, m > 1, any r > q, and any 50‘7 € (0,y,) where
Yo = YO(HO,A) >0
m—1 € £
(3.2) [%ug] [3%%5 N s 5496 S C Ul + gl )
Proof. Using that u, € L?(R") and r > p it follows that u, € L (R") with
So=s—n/p+n/r>1+n/r. Thus (3.1) and the estimate (3.2) for m =0, 1
are consequences of Theorem 2.2.
To obtain the estimate (3.2) for m = 2 we apply the differential operator A
to the equation in (1.1) written as in (1.2.b). Then
d
EAue(¢f(x) Jt) = 0,Au° + (u° - V)Au’
= (U - VAU — A - V)uE) + O’ - 0% u°

Multiplying the above expression by |Au®(¢;(x), 1)|""", integrating the result
in A +y(uf)) , and using the change of variable x — ¢f(x) , it follows that

d
(3'3) a”Aue(’)llo,r,éﬁ.y,g
2
<l - VAU = AU - D))y 50y e + 108 07U N, 50, )
< IV Dllg oo sy.0 - WU Ollg s 50y o + 1T A8 Dllg 4 54,05

above we have used the notation 7, j,Aue = Ol.zjui = -R.R jAuf where R, de-

notes the ith Riesz transform. For i # j, T, il

belongs to the class considered
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in Lemma 2.4. When i = j we have the same result after subtracting a multiple
of the identity (see [13, Chapter 3, Theorem 6]). Hence

€ (4 &
I|7;J[Au (t)"(),r,&.g.y’e S c- (”Au (t)llo,r,d/z-}-y,g + 31- . “u (t)"l,r) ’

and from Theorem 2.2,

€ € [
”u (t)”]‘r S C"u (t)”s,p S C”uons,p S c: "uolls,p’

Ivu’(e SIVU Dl S e @)y, < - Nl -

)”0,00 0+ .6 s.p —

By inserting the above estimates in (3.3), Gronwall’s inequality leads to

t
L3 € &
(3.4) A (t)”0,r,5+r,e <c: ”Auono,r,dﬂne + c/o lAu (T)||0,r,6/2+y £ dt

c
+ 5 lgll -
Next we introduce a seminorm similar to those used in [1]. Define for J, €
(0, %)
1 £
D, 5,(0) = 80D 8- 1AW (o, 51

Thus by (3.4)

- (@ 5 (0)+lugll ,)

IA

QI]' ,6() ,€ (t)

for t€[0,7].
From Theorem 2.2 (case m =0,1) and Lemma 2.4 we obtain that

1

(3.5) sup sup & - [[u* ()5, 54y 0 S € (D, 5 (0) + gl )

[0,77[0,60]

which completes the proof of the case m = 2.

To obtain the estimate (3.2) for m = 3 we apply the differential operator
0A=A-3, <, 0% toequation (1.2.b). Thus

iaAu"(¢f(x) ,1) = 0,0Au° + (u° - V)AU

dt
= U’ - V)0AU® — OA((u° - V)u')
+0u’- T,.j,aAu'z +0%ut 9%,
Using the argument given above, we have that
d
EIIAuE(t)Ill rorye SCNVEON) oo 5470

[ € 2 ¢ 2
ANy, 51y e + 1T 086 (Ollg , 54y ) F 10U (Dl 25 64 -

Defining

2 2 €
QV,JO ,C(t) = sup 6 : ”Au (t)"] r ,6+}’,8 ’
[0.60]
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by Lemma 2.4 and Gronwall’s inequality it follows that

2 2 Lo
Q,,do’s(t) <c- (CD,,JOYE(O) + ||u0||s,p +/0 (D,'[;O,B(t)a'r

2182 &/ 12
+ sup sup 8|07 u (¢) ).
by e Al lo2r 5170

Estimate (3.5) and Theorem 2.2 lead to

(3.6)

2 2 ¢ 2 2 2 €2
sup sup 6~ - || u (¢)|| <c-supd” |0 u,| +c - luyll
0,710 o] 0,2r,0+y,¢ [0.60] 010,2r ,0+y 0lls.p

2 €
<c-sup o - [|lougll, , 50, +C llitglls
[0,60)
2 €
S C- sup 6 : ”Auolll,r,o +c- ”u0”5’p
[0,60]
= Cad)z

r ,60 €

(O) +cC- ”uolls,p N

Above we have used Calderén’s extension theorem, Gagliardo-Nirenberg’s
inequality, Lemma 2.4, and the existence of a constant ¢ (which does not
depend on ¢ € [0,¢;)) such that c||Au3||1‘,’50+y is larger than [|Aul|, , .

By inserting the previous estimate in (3.6) we obtain that

2 2
(D’,fso ,E(t) <c: (q)r,éo ,e(O) + ”uolls,p)

which proves (3.2) for the case m = 3.
The proof for larger m uses the bootstrap argument given above.

Proof of Theorem 1.
Case k =2. For ¢ > ¢ >0, define y(t) = y** (t) = (u* — u°)(¢). Then

By + W -V)y =—(y- V) +0A™ ((9u° +0u)-dy).

By the argument given in the proof of Proposition 3.1 we obtain that
d ,
7187 Ollo g 5470 S € (102" ()]l o + 102" ()]l o)

UAYDllg 4 50y o + 1T A Dllg 4 54y o)

+ ("ue(t)||2’q’§+y &’ + ”ue (t)”z,q,é.'.y,e’)

: "ay(t)lloyoo O+7 .8 + Ilvue(t)llz’q 0+y.,¢ : ”y(t)”(),w O+y . "

By Propositions 3.1 and 2.3
¢ -1
"u (t)“2’q,§+y)g’ S 4 .6 ’

and for ¢ € (0,&,) where &, =¢§,(y,4)

€ £ -1
”u (t)llz,q 0+ .8 S c- ”u (t)llzvq O+y/2.¢ -<— c: 6 ’
3 € -2 -~
“6“ (t)llz’q O+y & S c- “3“ (t)”z,q ‘6+y/2,g S c: 6 <€ .
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Also by Theorem 2.2
06 ()]l o + ||3ue o S c- Iluolls p°

18y (Dl < € Ily(t)lls,,, = o(1)

when ¢ tends to zero.
Thus introducing the seminorm

! 2
ws (t')=sup supd - ||Ay(?) N
w(!) = Sup Sup AY ()l 4 5490

with the argument given in the previous proof we find that for any y € (0, ,)
fixed

W5, (T) < c(¥,(0) + 0(1)) = (1)
when ¢ tends to zero. Again using Lemma 2.4 and Theorem 2.2, it follows that
forany >0

—ut)(t ,=0.
513/’30[%“" I® = u”)( Wa g pe

In particular, we have that for any # >0 and any ¢ € [0, T], («°) restricted
to [t—h™,t+ h"] x Ay,(ug) is a Cauchy sequence in C([t —h™,t+h']:
L34 2,,(uo))) where h = h(B8) > 0. Since B is arbitrary and (¥°) converges
pointwise to # (Theorem 2.2), the proof of Theorem 1 when k£ = 2 is com-
pleted.

Case k = 3. In this case by the Calderén extension theorem, the Sobolev
imbedding theorem, and the result for k = 2 it follows that

2 € ¢’
sup sup 8" -’ =)0l 29 51y, = 01),
and by (3.2)

supsupJ 8%’ (t o ScC.

Combining these estlmates with the techniques given in the proof of the
previous case we obtain the desired result.

The proof for larger k follows by reapplying the bootstrap argument given
above.

4. A DIFFERENT PROOF OF THEOREM | WHEN n =2

Using the structure of the vorticity equation we give a simpler proof of The-
orem 1 for the two-dimensional case. Consider the IVP for the linear scalar
equation

— 2
(4.1) {3,U+(0-V)v—0, xeR*, te[0,T],

v(x,0) =vy(x),

with given coefficient a € C([0,T]: L](R*;R%), [ >2/r+1,and re (1,00).
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Lemma 4.1. For any vy € L,,(R* : R) with I' > 1 the IVP (4.1) has a unique

solution v(x ,t). Moreover, v € C([0,T]: L,(R*: R)) where I, = min{/',[/]}.
0

Proof. See [10].

In our case we start with a = u € C([0,7T]: L;’o) (Theorem 2.2), and v, =
(VXUg) - Xy, = @y Xy, € LZ_l(Rz) where x, € C*(R?) with X,,(x) = 1if
x€Ad; and x, (x)=0 if x ¢ A, for § >0 arbitrary.

Using Lemma 4.1 the solution ¥ € C([0,T]: LZ) with 6 = min{[s,],k—1}.
It is easy to check that @(x,?) = Vxu(x,t) = w(x,t) for (x,t) € Dy. Thus,
by the Biot-Savart law (¥ = -V x A_'w) and Lemma 2.4 it follows that

Ul pyuyy € C(0, T1: L, (A" (uy))).

If 6 = k—1, we have finished the proof. Otherwise we reapply the argument
with v, = WXy, and a=a(x,1) = u(x,t)-bs(x,t) where by(x,t) € C°°(sz
[0,T]) satisfies .

_ 1, X € Ay,
bﬁ("’)‘{o, x¢A;/2;
therefore a € C([0,T]: LE’SO]H).
After using this argument k — [s,] times we finish the proof.

APPENDIX

We will show that given any j € Z* there exists pj = p € C™(R") such that
(a) p is supported in the unit ball,

(b) [ p(x)dx #0,

(¢) [x*-p(x)dx =0 forany a € (Z")" such that 0 < |a| < j.

Let E be the space of the functions in C °°(R') with support in (0,1).
Define L: E — R"™/*! as

L(f) = (/f(x)dx;/x-f(x)dx;~--;/x””-f(x)dx>-

Clearly L is linear and its kernel is nontrivial. Let f, be a function in Ker(L)—

{0} . By the Paley-Wiener theorem there exists k € Z* (k > n + j) such that

I Xk fox)dx # 0. Let k, be the smallest among all possible k’s. Defining

fix) = X7 px); ey (%) = XM fy(x) € E, we find that L is

onto. Therefore there exists f € E such that Lf =(0,...,1,...,0)=¢,_,.
Taking p(x) = f(|x|) we obtain the desired function.
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